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Abstract
We compute the double complex of smooth complex-valued
differential forms on projective bundles over and blow-ups
of compact complex manifolds up to a suitable notion of
quasi-isomorphism. This simultaneously yields formulas for
“all” cohomologies naturally associated with this complex
(in particular, de Rham, Dolbeault, Bott-Chern and Aep-
pli).
1 Introduction
Given a compact complex manifold X and a complex submanifold Z ⊆ X of
codimension r at least 2, the blow-up X˜ ofX along Z is a new complex manifold,
roughly obtained from X by replacing Z with the space of all directions into Z,
i.e. the projectivized normal bundle. A natural task is to express cohomological
invariants of X˜ in terms of those of X and Z. In deliberately vague notation,
the expected (additive) relation is the following:
H(X˜) ∼= H(X)⊕
r−1⊕
i=1
H(Z)[i],
where H means some cohomology and [i] denotes an appropriate degree shift.
In this article, we compute the double complex of complex-valued forms A
X˜
for X˜ a blow-up up to “E1-isomorphism”. This establishes the above formula
for all linear functors (from the category of double complexes to, say, vector
spaces) that map E1-isomorphisms to isomorphisms. In particular, one obtains
a uniform proof for Dolbeault cohomology, the higher pages of the Fro¨licher
spectral sequence, the de Rham cohomology and the Bott-Chern and Aeppli
cohomologies. As intermediate steps that might be of independent interest, we
also compute the double complex of the projectivization P(E) of a vector bundle
E of rank n on X , resulting in a formula for cohomology of the type
H(P(E)) ∼=
n−1⊕
i=0
H(Z)[i],
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and show that for a modification X˜ −→ X , the cohomology of X˜ contains that
of X as a direct summand.
The key algebraic point of our argument is to stay on the level of (double) com-
plexes and avoid passing to cohomology as long as possible. A main geometric
input is a formula from [10] for the higher direct image sheaves of the holomor-
phic differentials on the blow-up.
There is a wide range of related work that present article fits into, mostly fo-
cussing on particular cohomology theories: The blow-up formula for de Rham
cohomology has been established in [9, p. 605 f.], using the Thom-isomorphism.
In the case when X is Ka¨hler, this is refined to include the Hodge structure on
the de Rham cohomology, i.e. Dolbeault-cohomology, in [20, 7.3.3]. More re-
cently, there has been a lot of activity on extending these results to cohomologies
other than de Rham in the non-Ka¨hler case: In [17], the existence of an isomor-
phism for the Dolbeault cohomology of general (compact) complex manifolds is
established and the formula for the Bott-Chern cohomology is conjectured. The
isomorphism in the Dolbeault case is made explicit in [12] and the compactness
hypothesis is removed. The method used there is conceptualized and extended
in [14]. The Bott-Chern case is partially proved in [22] and complemented with
a conjecture for the Bott-Chern cohomology of projective bundles (c.f. also [17])
which implies the full formula in this case. Independently, the Dolbeault case
is also established in [4] in the situation that Z admits a neighborhood with a
holomorphic retract to Z, using a Thom-isomorphism for Dolbeault cohomol-
ogy. In [13], the case of Morse-Novikov cohomology is considered and in [16], an
explicit isomorphism is given for Dolbeault cohomology with values in a vector
bundle.
The present article has mostly been written after the first preprint versions of
[17], [22] and [4] had appeared and the author is glad to have been influenced
by them. Vice versa, it is hopefully fair to say that the preprint version of the
present article has had some effect on parts of the latest versions of several of
the more recent works on the topic, see e.g. [17, p. 4f and Prop. 3.4], [16, Lem.
4.1 and App. B], [12, Lem. 4.1], [22, App. A.2].
Given the central position of the blow-up construction in complex geometry
and, more specifically, bimeromorphic geometry, results as the ones proven here
can be put to use in many ways. We refer the reader to all the articles men-
tioned above for a plethora of beautiful applications. In the present work, we
content ourselves with some example calculations as its further consequences
are more naturally derived after a more in-depth discussion of the notion of
E1-isomorphism, which is given in [19].
2 Preliminaries
It will be convenient to abstract the algebraic properties of the double complex
of C-valued smooth differential forms on a complex manifold.
We will be considering bounded double complexes over the complex numbers
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with real structure, i.e. quadruples
(A·,·, ∂1, ∂2, σ)
consisting of
• a (not necessarily finite dimensional) Z2-graded C-vector space A·,·, s.t.
Ap,q = 0 for almost all (p, q) ∈ Z2,
• two C-linear maps ∂1 and ∂2 of degrees (1, 0) and (0, 1) which satisfy
∂21 = ∂
2
2 = 0 and ∂1∂2 + ∂2∂1 = 0.
• a conjugation-antilinear involution σ on A·,·, satisfying σAp,q = Aq,p and
σ∂1σ = ∂2.
To ease notation and language, in the following, we will say double complex
instead of bounded double complex over the complex numbers with real struc-
ture and write A instead of (A·,·, ∂1, ∂2, σ). By a map of double complexes,
we mean a C-linear map of the underlying vector spaces, compatible with the
bigrading, differentials and real structure.
Example 1. Let X be a connected compact complex manifold of dimension n.
• TheDolbeault double complexAX = (A·,·X , ∂, ∂, σ) ofC-valued smooth
differential forms on X .
• The double complex of currents or dual Dolbeault double complex
DtopAX , consisting in degree (p, q) of the topological dual of A
n−p,n−q
X
(i.e. “currents”, see [18, par. 8.,9.] for more details), with differentials
∂p,q
DtopAX
:= (ϕ 7→ (−1)p+q+1ϕ ◦ ∂n−p−1,n−q)
∂
p,q
DtopAX
:= (ϕ 7→ (−1)p+q+1ϕ ◦ ∂
n−p,n−q−1
)
• For any double complex A and integer i ∈ Z, there is the shifted double
complex A[i] with same differentials and involution but new bigrading
(A[i])p,q := Ap−i,q−i.
Associated with any double complex A are several cohomologies:
• de Rham (or “total”) cohomology: HkdR(A) := H
k(
⊕
p+q=· Ap,q, ∂1 + ∂2)
• Dolbeault (or “column”) cohomology: Hp,q∂2 (A) := H
q(Ap,·, ∂2)
• conjugate Dolbeault (or “row”) cohomology: Hp,q∂1 (A) := H
p(A·,q, ∂1)
• Bott-Chern cohomology: Hp,qBC(A) :=
(
ker ∂1∩ker ∂2
im ∂1◦∂2
)p,q
• Aeppli cohomology: Hp,qA (A) :=
(
ker∂1◦∂2
im ∂1+im ∂2
)p,q
There is the “Fro¨licher spectral sequence”, converging from Dolbeault to de
Rham cohomology:
FS : Ep,q1 = H
p,q
∂2
(A) =⇒ Hp+qdR (A).
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and an analoguous spectral sequence starting from conjugate Dolbeault. Be-
tween the other cohomologies, there are maps induced by the identity. The
whole situation is summarized in the following diagram (c.f [1]):
Hp,qBC(A)
Hp,q∂1 (A) (H
p+q
dR (A), F1, F2) H
p,q
∂2
(A)
Hp,qA (A)
Definition 2. A morphism of double complexes is called an E1-isomorphism,
if it induces an isomorphism in Dolbeault cohomology.
Example 3. For any connected compact complex manifold, the map
Φ : AX −→ D
topAX
ω 7−→
∫
X
ω ∧
is an E1-isomorphism by Serre duality ([18])
It is well-known that an E1-isomorphism automatically induces an isomorphism
on all later pages of the Fro¨licher spectral sequence (and its conjugate) and in
de Rham cohomology. Further, one has the following Lemma (see [2, Thm. 2.7]
and [3, Thm. 1.3] for special cases and [19] for a proof in the general setting
and further investigation on the notion of E1-isomorphism):
Lemma 4. Any E1-isomorphism induces an isomorphism in Bott-Chern and
Aeppli cohomology.
3 Projective bundles
The Dolbeault case of the following proposition is proved in [17]. We show here
that one can define all relevant maps on the double complex level.
Proposition 5. Let pi : E −→ X be a complex vector bundle of rank n over
a complex manifold X and pi : P(E) −→ X the associated projective bundle.
Denoting by K the double complex K :=
⊕n−1
i=0 AX [i], there is a commutative
diagram
AX
AX ⊗APn−1 K AP(E),
pi∗
such that the horizontal maps are E1-isomorphisms and the others induce injec-
tive maps in Dolbeault-cohomology.
Proof. Let
T := {(e, p) ∈ E × P(E) | e ∈ p} ⊆ pi∗E
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denote the tautological bundle on P(E). For any fibre Fx := pi
−1(x) ∼= Pn−1,
there is an identification T |Fx
∼= OPn−1(−1). Choose some hermitian metric g
on T and let θ ∈ A2
P(E) be the curvature of the Chern connection defined by g,
s.t.
c1(T ) =
[
1
2pii
θ
]
∈ H2
∂
(P(E)).
It is known that θ is a closed (1, 1)-form and because 0 6= c1(OPn−1(−1)) =
c1(T )|Fx , it is not exact. Denote θx := θ|Fx and by A(θ), resp. A(θx) the finite
dimensional (as C-vector space) subcomplexes of AP(E), resp. AFx with basis
{1, θ, θ2, ..., θn−1} resp. {1, θx, θ
2
x, ..., θ
n−1
x }. With this, we can redefine K as
K := AX ⊗ A(θ), which is equivalent to the definition given in the statement.
The bigraded Dolbeault cohomology algebra of Pn−1 is given by H·,·
∂
(Pn−1) =
C[t]/(tn−1) with t = c1(OPn−1(−1)) of bidegree (1, 1). In particular, restriction
and projection to cohomology (all forms in A(θx) are closed) yield isomorphisms
of double complexes A(θ) ∼= A(θx) ∼= H(P
n−1) and the inclusion
A(θx) −→ AFx
is an isomorphism on the first page of the Fro¨licher spectral sequence. Thus, we
can define the left hand map in the diagram in the statement as the composite
AX ⊗A(θ) −→ AX ⊗A(θx) −→ AX ⊗APn−1 ,
where the maps are the identity on the first factor and restriction and inclusion
on the second factor.
The right hand map in the diagram in the statement is given by pi∗ on the
first factor and the inclusion on the second. It is an isomorphism on the first
page of the Fro¨licher spectral sequence by the Hirsch Lemma for Dolbeault
cohomology, proven in [7, Lem. 18], as a consequence of a spectral sequence
introduced by Borel in the appendix to [11]. The left diagonal and the vertical
map are inclusions to the first factor of the tensor product and commutativity
is clear by definition.
Remark 6. Since the maps are defined on the level of complexes, this result
allows in particular the computation not only of the Dolbeault, but also of the
Bott-Chern and Aeppli cohomologies of a projective bundle, thereby confirming
the formula conjectured in [17].
Remark 7. (Products) Since we get that HBC(P(E)) ∼=
⊕n−1
i=0 HBC(X)∧ [θ
i],
there is a ∂∂-exact form η ∈ An,n
P(E) and d-closed forms ci ∈ A
i,i
X s.t. θ
n +
pi∗c1θ
n−1 + ... + pi∗cn−1θ + cn = η. Denote the left hand side of this equation
by P (θ). We may then redefine K := AX [θ]/(P (θ)), which clearly has the same
additive structure as before but is also equipped with a multiplication map. We
obtain a diagram of the form
K⊗2 K
A⊗2
P(E) AP(E)
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which does a priori not commute, but where the vertical maps areE1-isomorphisms
and one obtains commutativity after applying HBC or Er for r ≥ 1, thereby
allowing to compute the product in cohomology.
4 Modifications
The next goal is to compute the double complex of blow-ups up to E1-isomorphism.
Here is a general computation yielding a partial answer:
Definition 8. For a map p : X −→ Y between connected compact complex
manifolds of complex dimensions dimX = n, dimY = m, the pushforward p∗
is, with the notation of section 2, the composite
AX
Φ
−→ DtopAX
Dp∗
−→ DtopAY [n−m].
Lemma 9. For a surjective holomorphic map f : Y −→ X of connected compact
complex manifolds of the same dimension, the map
AY
(f∗,pr)
−→ DtopAX ⊕AY /f
∗AX
is an E1-isomorphism.
Proof. Since f is a finite covering with deg(f) > 0 sheets when restricted to
appropriate dense open subsets of X and Y , c.f. [8, p. 179], one obtains an
exact sequence
0 −→ AX
f∗
−→ AY −→ AY /f
∗AX −→ 0. (∗)
As noted in [21], one has
∫
Y
f∗ω = deg(f)
∫
X
ω for any form ω on X , so that
the diagram
AX AY
DtopAX D
topAY
f∗
deg(f)·Φ Φ
Df∗
commutes. Since Φ induces an isomorphism on the first page of the Fro¨licher
spectral sequence, for every p ∈ Z, in the long exact sequence of terms on the
first page of the Fro¨licher spectral sequence induced by (∗)
...
δ
−→ Hp,q
∂
(AX)
f∗
−→ Hp,q
∂
(AY )
pr
−→ Hp,q
∂
(AY /f
∗AX)
δ
−→ ...
the map f∗ is a split injection (with left inverse 1deg(f)f∗) and hence pr is sur-
jective. This implies that the morphism (f∗, pr) in the statement induces an
isomorphism on the first page of the Fro¨licher spectral sequence.
Since Φ : AX −→ D
topAX is an E1-isomorphism, this implies in particular that
the (Dolbeault, Bott-Chern, Aeppli or de Rham) cohomology of X is a direct
summand in that of Y . Thus, in order to compute the double complex of a
blow-up, one just has to take care of the quotient-type summand. We will use
this in the next section.
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5 Blow-ups
Theorem 10. Let X be a connected compact complex manifold, Z ( X a closed
submanifold and X˜ the blow-up of X at Z and E ⊆ X˜ the exceptional divisor,
so that the following diagram is cartesian:
E X˜
Z X
j
piE pi
i
The map
A
X˜
(pi∗,j∗)
−→ DtopAX ⊕AE/pi
∗
EAZ
is an E1-isomorphism, where j∗ = pr ◦j
∗.
Proof. By Lemma 9, it remains to show that the induced map
j˜∗ : AX˜/pi
∗AX −→ AE/pi
∗
EAZ
is an E1-isomorphism. This map sits inside a diagram
0 AX AX˜ AX˜/pi
∗AX 0
0 AZ AE AE/pi
∗
EAZ 0,
pi∗
i∗ j∗ j˜∗
pi∗E
which, when applying Dolbeault cohomology, yields for every p a map of two
long exact sequences
· · · Hp,q
∂
(AX) H
p,q
∂
(A
X˜
) Hp,q
∂
(A
X˜
/pi∗AX) · · ·
· · · Hp,q
∂
(AZ) H
p,q
∂
(AE) H
p,q
∂
(AE/pi
∗
EAZ) · · · .
pi∗
i∗ j
∗
j˜∗
pi∗E
But pi∗ and pi∗E in these sequences are injective: In fact, for pi
∗ this was shown
in the proof of Lemma 9 and since E is a projective bundle over Z, for piE it
follows from Proposition 5. In particular, the long exact sequences decompose
into short exact ones and we obtain one diagram for every pair (p, q) ∈ Z2:
0 Hp,q
∂
(AX) H
p,q
∂
(A
X˜
) Hp,q
∂
(A
X˜
/pi∗AX) 0
0 Hp,q
∂
(AZ) H
p,q
∂
(AE) H
p,q
∂
(AE/pi
∗
EAZ) 0.
pi∗
i∗ j
∗
j˜∗
pi∗E
(∗∗)
Now, note that Hp,q(A
X˜
) = Hq(X˜,Ωp
X˜
) is the cohomology of the sheaf of
holomorphic p forms (and similarly for E). Let us consider the Leray spectral
sequences associated with pi and piE and the sheaves Ω
p
X˜
and ΩpE :
Lpi,Ωp
X˜
: Er,s2 = H
r(X,Rspi∗Ω
p
X˜
) =⇒ (Hr+s(X˜,Ωp
X˜
), F·L )
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and
LpiE ,ΩpE : E
r,s
2 = H
r(Z,RspiE∗Ω
p
E) =⇒ (H
r+s(E,ΩpE), F·L ),
where F·L denotes in both cases the (descending) Leray-filtration on the target.
Pullback by j induces a morphism of spectral sequences
j∗L : Lpi,Ωp
X˜
−→ LpiE ,ΩpE
which approximates j∗ on the target, i.e., on the E∞-page the (r, s)-component
coincides with the r-th graded part of j∗ : Hr+s(X˜,Ωp
X˜
) −→ Hr+s(E,ΩpE).
The sheaves Rspi∗Ω
p
X˜
and RspiE∗Ω
p
E have been investigated in [10, Prop. 3.3],
using a vanishing result by Bott and Serre’s Theorem (B). The computation is
done there for smooth schemes, but the result holds in the holomorphic category.
In fact, this has already been deduced later in that same article [10, p. 69],
by local considerations. Alternatively, all tools used are also available in the
holomorphic category, c.f. [5, ch. IV], and the proof can be copied verbatim.
The result is that the following maps are isomorphisms for all p ∈ Z:
pi∗ : ΩpX
∼= pi∗Ω
p
X˜
(i)
pi∗E : Ω
p
Z
∼= piE∗Ω
p
E (ii)
j∗ : Rspi∗Ω
p
X˜
∼= i∗R
spiE∗Ω
p
E for each s ≥ 1. (iii)
The first two isomorphisms imply that the Eq,02 -terms can be identified with
Hp,q
∂
(AX), resp. H
p,q
∂
(AZ) and the edge maps with pi
∗, resp. pi∗E . Since these
are injective, the diagram (∗∗) is canonically isomorphic to
0 F qLH
p,q
∂
(A
X˜
) Hp,q
∂
(A
X˜
) Hp,q
∂
(A
X˜
)/F qLH
p,q
∂
(A
X˜
) 0
0 F qLH
p,q
∂
(AE) H
p,q
∂
(AE) H
p,q
∂
(AE)/F
q
LH
p,q
∂
(AE) 0
⊆
F 0Lj
∗ j∗
⊆
Finally, all differentials with target in degree (r, 0) for some r ∈ Z vanish since
the edge maps are injective and the identification (iii) implies that j∗L is an
isomorphism on the E2-page in bidegrees (r, s) for all r ∈ Z, s ≥ 1. Therefore,
j∗ induces isomorphisms
j∗ : grrFLH
p,q
∂
(A
X˜
) ∼= grrFLH
p,q
∂
(AE)
for all p, q ∈ Z and r < q. In particular, since a filtered morphism of vector
spaces with finite filtrations is an isomorphism if its associated graded is, j˜∗ is
an isomorphism in Dolbeault cohomology.
Remark 11. (Inverse map and products) The morphism of the theorem fits
into a diagram of the form
A
X˜
DtopAX ⊕AE/pi
∗
EAZ
DtopA
X˜
AX ⊕
⊕r−2
i=0 AZ [i+ 1]
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where the bottom map is given by
(ω, η0, ..., ηr−2) 7−→ pi
∗ω +
r−2∑
i=0
j∗(Φ ◦ pi
∗
Eηi ∧ θ
i)
and the right vertical map by Φ⊕
∑r−2
i=0 (pi
∗
E( ) ∧ θ
i+1). As we have seen in the
present article, the top map and the vertical ones are E1-isomorphisms. On the
other hand, the results of [12] and [14] (c.f. also [4]) imply that the bottom map
is an E1-isomorphism. It seems to be likely, but as far as I know unproven at
the present stage, that the diagram commutes on E1 (say, after replacing one of
the horizontal arrows by its inverse in cohomology). This is further discussed
in [14, section. 6]. If this was true, it should in particular allow to describe the
induced product on H(X) ⊕
⊕r−2
i=0 H(X) ∧ [θ
i] explicitely (for every H where
this is meanigful).
Let us give a concrete example of how one may compute with the formulas in
this article:
Example 12. Let X be the Iwasawa manifold, i.e. X is the space of complex
upper triangular 3 × 3 matrices with 1’s on the diagonal modulo the lattice
of such matrices with values in the Gaussian integers. This is a complex non-
Ka¨hler manifold that has been extensively studied (see e.g. [2], which also
contains further references). The Fro¨licher spectral sequence of X degenerates
at the second page and the dimensions of E1, E2, HdR(X) and HBC(X) are
given as:
1
3 2
3 6 2
1 6 6 1
2 6 3
2 3
1
1
2 2
2 4 2
1 4 4 1
2 4 2
2 2
1
1
3 3
2 8 2
1 6 6 1
3 4 3
2 2
1
1
4
8
10
8
4
1
dimE
p,q
1 (X) dimE
p,q
2 (X) dimHBC (X)
p,q bk(X)
X is a fibre bundle over a complex 2-dimensional torus with fibre a complex
1-dimensional torus. Let Z be any one such torus fibre. The blow-up X˜ of X
along Z then one has the following E1-isomorphisms:
A
X˜
∼
−→ DtopA
X˜
⊕AE/pi
∗
EAZ
≃
←− AX ⊕AZ [1].
Since Z is a torus (in particular, Ka¨hler), one has dimHp,qBC(X) = dimH
p,q
∂
(Z) =
1 for p, q ∈ {0, 1} and E1(Z) = E∞(Z) and the new cohomology groups have
dimensions:
1
3 2
3 7 2
1 7 7 1
2 7 3
2 3
1
1
2 2
2 5 2
1 5 5 1
2 5 2
2 2
1
1
3 3
2 9 2
1 7 7 1
3 5 3
2 2
1
1
4
9
12
9
4
1
dimE
p,q
1 (X˜) dimE
p,q
2 (X˜) dimHBC (X˜)
p,q bk(X˜)
The reader looking for more involved examples could now compute the dimen-
sions of cohomology vector spaces of a projective bundle overX or of the blow-up
of X × Pn along X × Pm for m ≤ n− 2 by essentially the same techniques.
Remark 13. In section 4. of [10], the results proven earlier in that article are
used to extend the theory of holomorphic de-Rham complex and the Hodge
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filtration to possibly singular complex analytic spaces, using resolutions of sin-
gularities by iterated blow-ups.
The results of the present article may be read as a formal equality of E1-
isomorphism classes
[A
X˜
⊕AZ ] = [AX ⊕AE ].
If one allows formal additive inverses of E1-isomorphism classes, one may use
this relation to associate with every possibly singular compact (or even com-
pactifiable with fixed equivalence class of compactifications) complex space a
“virtual Dolbeault double complex”, i.e., an element in the Grothendieck group
of the monoid consiting of double complexes with finite E1-page and direct sum
as addition. Roughly, this may be achieved by replacing X with a diagram con-
sisting of compact complex manifolds using resolution of singularities and the
weak factorization theorem. In particular, this allows to define the Hodge, Er-,
Bott-Chern and Aeppli numbers for singular spaces. Of course, for the Hodge
(and Er-) numbers, this can already be achieved by the results of [10, sect. 4].
Instead of giving more details, we refer to [15] where an additive extension of
the Hodge numbers to singular spaces is constructed in the spirit sketched here,
using a result in [6].
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